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Abstract. In this paper we determine all finitely generated abelian groups which are 
varietal capable with respect to the variety of polynilpotent groups. This result is a 
vast generalization of the famous Baer's result about capability of finitely generated 
abelian groups. 
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1 Introduction 

In 1938 Baer [1] investigated the conditions for a group to be the inner automorphism 
group of another group. Hall and Senior [3] called such groups capable. P. Hall in his 
landmark paper [4], noted that characterization of capable groups is important in clas- 
sifying groups of prime power order. Baer [1] succeeded to determine all capable groups 
among the direct sums of cyclic groups, and hence finitely generated abelian groups. 
The third author in his joint paper in 1997 [6], generalized the notion of capability to 
any variety of groups which was called V-capability. 

The aim of this work is determining all finitely generated abelian groups which 
are varietal capable with respect to the variety of polynilpotent groups of class row 
(ci,C2, . . . ,ct), that is Mc^^c2,...,cf This result is a vast generalization of Baer's work in 
the case of finitely generated abelian groups. 
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2 Preliminaries 

We shall assume that the reader is familiar with the notion of variety of groups and the 
verbal and the marginal subgroups. The notion of Baer invariant is also considered to 
be known (see [6]). The following definition is of several usage in this article. 

Definition 2.1. Let V be any variety of groups defined by a set of laws V, and G be 
any group. G is called V-capable if there exists a group E which satisfies G = E/V*(E), 
where V*{E) is the marginal subgroup of E with respect to V. 

It should be noted that although two different sets of words can generate a variety but 
the marginal subgroups with respect to these sets of words coincide, so the terminology 
V-capability has no ambiguity. According to the above definition capable groups are 
^-capable , where A is the variety of abelian groups. 

The following definition and theorem are found in [6] and contains a necessary and 
sufficient condition for a group to be V-capablc. 

Definition 2.2. Let V be any variety and G be any group. Then V**{G) is defined as 
follows. 

V**{G) = r\{il^{V*{E)) \iIj:E^G, kerijj C V*{E)}. 

Theorem 2.3. With the above notations and assumptions G/V**{G) is the largest 
quotient of G which is V-capable, and hence G is V-capable if and only if V**{G) = 1. 

The following theorem and its consequences state relationship between V-capability 
and Ba«r invariants. 

Theorem 2.4. ( [6]). Let V be any variety of groups, G be any group, and iV be a 

normal subgroup of G contained in the marginal subgroup V*{G). Then the natural 
homomorphism VM{G) — > VM{G/N) is injective if and only if AT C V**{G), where 
VM[G) is the Baer invariant of G with respect to V. 

In finite case the following corollary is useful to be applied. 

Corollary 2.5. ( [7]). Let V be any variety and G be any group with V{G) = 1. 
Assume that VM{G) and VM{G/N) are finite groups for a normal subgroup N of 
G, then the natural homomorphism VM(G) — > VM{G/N) is injective if and only if 
\VM{G/N)\ = \VM{G)\. 

The following result is a consequence of Theorem 2.4. 

Corollary 2.6. An abelian group G is V-capable if and only if the natural homomor- 
phism VM(G) — > VM{G/ < X >) has a non-trivial kernel for all non-identity elements 
X in G. 

In order to use Theorem 2.4 we need the explicit structure of the Baer invariants 
of finitely generated abelian groups with respect to the variety of polynilpotent groups. 
The following give us the structure. 
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Theorem 2.7. ( [5]). Let J\fc-i^,c2,...,ct be the polynilpotent variety of class row (ci, C2, ■ ■ ■ ,ct) 
and G = Z*-™-* Z„j © ... © Z„j, be a finitely generated abelian group, where n^+i | m 
for all 1 < i < /c — 1. Then an explicit structure of the polynilpotent multiplier of G is 
as follows. 

Afcuc2,...,ctM{G) ^ Z^-^-) © z(,{-+i © ... © ^^{"'+'="■'''"+'=-1^ 

where fi = Xct+i{Xct-i+i{- ■ ■ (Xci+i(0) • • •)) for all m < i < m + A;. 

To use Theorem 2.4 and Corollary 2.5, we need the structure of subgroups of finitely 
generated abelian groups as follows. 

Theorem 2.8. ( [7]). Let G = Z^"*) © Z„j © . . . © Z„^ be a finitely generated abelian 

group, where r),+i | rii for all 1 < i < /c — 1 and H < G he a finite subgroup of G. Then 
H = Zto,i © ... © Z^^ , where mj+i | mj for all 1 < i < — 1 and | for all 1 < i < A;. 



3 Main Results 

First of all we state two theorems of Baer, Burns and Ellis, which determine all Afc- 

capable finitely generated abelian groups, in which Afc is the variety of nilpotent groups 

of class at most c. The case c = 1 is permissible and refers to capability. 

The following theorem is not just what Baer proved, but a conclusion of it as a special 

case. 

Theorem 3.1. (R. Baer [1]). Let G = Z^"^^ © Z^^ © . . . © Z„^ be a finitely generated 
abelian group, where nj+i | for all 1 < z < A; — 1. Then G is capable precisely when 

(i) m > 2; or 

(a) m = 0, k > 2 and ni = n2- 

Theorem 3.2. (J. Burns and G. Ellis [2]). A finitely generated abelian group is Afc- 
capable if and only if it is capable. 

According to the above theorem, the condition for a finitely generated abelian group 
to be A/"c-capable is just the condition for capability of it. It is of interest to know which 
varieties behave like as nilpotent varieties in case of capability of finitely generated 
abelian groups. Answering this question in general case need much more information, 
but in case of some outer commutator varieties, more precisely polynilpotent varieties, 
we intend to answer it. In the rest we see that not all polynilpotent varieties behave 
like as nilpotent varieties in case of capability, but a large class of them do. To show 
varieties which not behave so we give the following example. 

Example 3.1. Let G = Z„ © Z„, where n G N. One may easily show that G and all its 
quotients are at most two-generator abelian groups, so by Theorem 2.7 S2M{G/N) = 
for any normal subgroup of G, N say, in which S2 is the variety of metabelian groups. 
Now Theorem 2.4 implies G is not <S2-capable. 
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Now the main goal of this article is presented, which is classifying all Mci,c2,....ct- 
capable groups in the class of finitely generated abelian groups. According to Theorem 

2.7 if f > 2 and ci = 1, then A/"ci,c2,. -,ct-^(G) = whenever G has at most two generators, 
but if t — 1 or ci > 2 , then Afci,c2,---,ct-^{C!') — only when G is cyclic. Hence we need 
to separate these two cases, and the rest of work shows the results arc diff'crcnt. 

We only state the proof in the case t > 2 and ci = 1, the proof of the other case is 
similar. Just for the sake of clarity we separate the procedure in two cases; finite and 
infinite. 

Case one: Finite case. 
Throughout the following two lemmas we assume that t >2 and ci = 1. 

Lemma 3.3. Let G = Z„j ... Z^^. be a finite abelian group, where nj+i | rii for all 
1 < i < k — 1. If G is A/'ci,c2,...,ct-capable then k > 3 and ni = n2 = n^. 

Proof. By contrary assume we have A; < 2 or not 721 = 712 = 713. If A; < 2 then 
similar to Example 3.1 G and all its quotients are at most two-generator abelian groups 
so by Theorem 2.7 Mci,c2,--,ctM{G/N) = for any normal subgroup N of G, so by 
Theorem 2.4 G is not A/'ci,c2,...,ct-capable. On the other hand if, for example, ni ^ n2, 
we introduce a normal subgroup of G, N say; for which the natural homomorphism 

,C2,...,Ct 

,c2,...,ct^{G /N) is injective. Put N the subgroup generated by 
(n2, 0, . . . , 0). It is easy to see that N ^ Zin and G/N = Z^^ ... Z^^^. Now 

Theorem 2.7 shows that |A/'ci,c2,...,ctAf (G)| = \J\fc^,c2,...,ctMiG/N)\, hence by Corollary 
2.5 we have the injectivity of Mc-i_,c2,-,ct^{G) — V J\fci,c2,...,ctM{G/N). So the result 
holds by Theorem 2.4. The second case for which we have n\ = n2 ^ has a similar 
proof by putting N =< (0, ns, 0, . . . , 0) >. □ 

The above lemma presents a necessary condition for a finite abelian group to be 
,c2,...,cr'^*P*ble. The following shows it is sufficient. 

Lemma 3.4. Let G = ... Z„^ be a finite abelian group, where rXj+i | rii for all 
l<i<k — lin which k > 3 and 7ii = 712 = n^- Then G is Mci,c2,...,ct-^Sipah\e. 

Proof. By Theorem 2.4 it is enough to show that for an arbitrary normal subgroup N of 

G, N'ci,c2,...,ctM{G) — > J^ci,c2 ctM{G/N) is not injective. In finite abelian groups each 

quotient is isomorphic to a subgroup and vice versa. Now let N be an arbitrary normal 
subgroup of G, then G/N is isomorphic to a subgroup of G, H say; so by Theorem 

2.8 H = Z^i ... Zmj., where mj+i | rrii for all 1 < i < A; — 1 and rrii \ rii for all 
1 < i < k. Computing Mci,c2,...,ct^{G) and J\fci,c2,...,ctM{H) using Theorem 2.7, shows 
that |A/'ci,c2,..,ctM(G)| = \Mc^^c2,...,ctM{H)\ if and only if rui = rii for aU 3 < i < fc, but 
7Zi = 7Z2 = ns by hypothesis which implies ni = mi and n2 = m2 which is equivalent to 
H = G or N = 0. Now by Theorem 2.4 G is A/'ci,c2,...,crcapable. □ 

Case two: Infinite case. 
Similar to the previous case, through the following two lemmas we assume that t > 2 
and ci = 1. 
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Lemma 3.5. Let G = iP^^ © Z„j © ... © Z„j. be an infinite finitely generated abelian 
group, where n^+i | ni for all 1 < i < — 1. If G is A/'ci,c2,...,crC^P^ble then m > 3. 

Proof. We show that if m < 2, then there exists a normal subgroup NofG for which the 

natural homomorphism N'ci,c2,...,ct 

M{G) A/;,, c2,...,ctM(G/N) is injective and hence 
the result follows by Theorem 2.4. Suppose m = 2, then G = Z©Z©Z„^©. . .©Z^^^. Put 
N to be the subgroup generated by (0, ni, 0, . . . , 0) so = niZ and G/N = Z © Z^^ © 
Z„i © . . . ©Z„,. Now by Theorem 2.7 we have \Mc,,c2,...,ctM{G)\ = \Mc,,c2,...,ctM{G/N)\. 
Using Theorems 2.4 and Corollary 2.5 the result will follow. If m = 1 then put N =< 
(ni, 0, . . . , 0) > and use a similar proof. □ 

The reverse of the above lemma can be presented as follows. 

Lemma 3.6. Let G = Z^™^ © Z„^ © ... © Z„^ be an infinite finitely generated abelian 
group, where nj+i | rii for all 1 < z < A; — 1. If m > 3 then G is jVci,c2,. -,ct-capable. 

Proof. Similar to Lemma 3.4 it is enough to show that there is no normal subgroup N 
of G for which Afci,c2,-.;Ct 

.c2,---,ct-^{G /N) is injective. Consider two cases 

{i) N is infinite; and (m) is finite. 

In case (i) trivially ro{G/N) < ro{G), now by Theorem 2.7 rQ{N'ci^c2,...,ctM{G /N)) < 
T^o{-^ci,c2,...,ct^{G))- So there is no injection between Mci,c2,..;Ct^{G) and 
Afci,c2, '...,ctM{G/N). In case (ii) N < t{G) and hence G/N ^ Z("^) © Z^'^ © ... © Z^^ 
where mj+i | and | for all 1 < i < /c — 1, now by Theorem 2.7 we have 
Afc,.c2.^...,c,M{G) ^ Z(/-) ©Zl{'"+^"^'"^ © . . . ©zi{'"+'="-'^'"+'=-i^ and Mc,,c2,...,ctM{G/N) ^ 

Z(-^-) © Z^;{7+'"-''™^ © ... © Now by contrary assume that the natural 

homomorphism J\fci,c2,...,ct^{G) — > J\fci,c2....,ct^{G /N) which will be called / through 
the proof, is injective. It is easy to show that t{Mci^c2,...,ctM{G)) = zi{'"+^~'^"'^ © . . . © 

j(Jn.+k-fm+k-l) t{Mc:,,C2,...,CtMiG/N)) = ^""^ © ... ® Z^^^^^"' ^'^+''-^\ AlsO 

we have f{t{Mci,c2,...,ct^{G))) C t{Nci,c2,...,ct^{GlN)). As / is injective we must have 
rui = Hi for all i < i < A; so t{G) = t{G/N) but t{G/N) = t{G)/N and hence AT = 
which completes the proof. □ 

The latest lemmas classify all finitely generated abelian groups which are Mci,c2,...,ct- 
capable, provided that t>2 and ci = 1. Of the most famous examples of these varieties 
are 5^'s, the varieties of soluble groups of length at most I. 

The case ci > 2 or i = 1 has different results but similar proof, so the proof are 
shortened. Examples of these varieties are A/'c's and A, which are the varieties of nilpotent 
groups of class at most c and abelian groups, respectively, for the case t = 1, and 
polynilpotent varieties which are not solvable for the case ci > 2. The following theorems 
are stated with the conditions ci > 2 or t = 1. 

Theorem 3.7. Let G = Z„j © ... © Z^^. be a finite abelian group, where n^+i | rij for 
all 1 < i < — 1. Then G is A/"ci,c2,...,ct-capable if and only if > 2 and ni = 77,2- 
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Proof. The proof is completely similar to the proofs of Lemmas 3.3 and 3.4. The only 
matter which may be considered is the fact that for an arbitrary finite abelian group 
G ^ e . . . e we have AAei,e2,...,aM(G) ^ zi^.^^ zUr^'^ ... © □ 

Theorem 3.8. Let G = Z^™) © Z„-^ © ... © Zn^ be an infinite finitely generated abehan 
group, where nj+i | for all 1 < i < /c — 1 is A/'ci,c2,...,ct-capable if and only if m > 2. 

Proof. The proof is similar to Lemmas 3.5 and 3.6. The only fact may be considered is 
the structure of the polynilpotent multipliers of G and G/N in the case ci > 2 or t = 1. 
More exactly the difference is the fact that we have /2 7^ 0, so the torsion free rank of 
.c2,...,ct^iG) is zero exactly when G has the torsion free rank 1. □ 
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